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Abstract

With the growing accessibility of tools such as online surveys and web scraping, longitudi-
nal social network data are more commonly collected in social science research along with
non-network survey data. Such data play a critical role in helping social scientists under-
stand how relationships develop and evolve over time. Existing dynamic network models
such as the Stochastic Actor-Oriented Model and the Temporal Exponential Random Graph
Model provide frameworks to analyze traits of both the networks and the external non-
network covariates. However, research on the dynamic latent space model (DLSM) has
focused mainly on factors intrinsic to the networks themselves. Despite some discussion,
the role of non-network data such as contextual or behavioral covariates remain a topic to
be further explored in the context of DLSMs. In this study, one application of the DLSM
to incorporate dynamic non-network covariates collected alongside friendship networks
using autoregressive processes is presented. By analyzing two friendship network datasets
with different time points and psychological covariates, it is shown how external factors
can contribute to a deeper understanding of social interaction dynamics over time.

Keywords: social networks; dynamic latent space model; time-series analysis; friendship
network

1. Introduction

Network analysis is a valuable tool for examining both the traits of individual entities
(i.e., actors or nodes) and the relationships (i.e., edges or links) among them. Network
analysis has been widely applied across disciplines. For example, in information system
research, citation networks are often used to show the evolution of specific research topics,
and recent studies have used this method to investigate significant growth of domains
like Al-supported learning and biomedical research [1,2]. In social psychology, social
network analysis is also widely used to identify social structures and understand risk
factors associated with specific behaviors [3,4]. Relevant research has also used social
network analysis to uncover the relationships between friendship and personality [5-7]. In
epidemiology, network analysis can also be useful in modeling and understanding how
contagious diseases transmit [8,9].

Among various applications of networks, social networks represent a particularly im-
portant class of networks as they capture patterns of social interaction and interdependence
among individuals. In recent years, areas of social sciences have seen a shift from using
cross-sectional social network data to using longitudinal social network data. This shift
is partly driven by increasing interest in understanding how relationships change over
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time [10,11]. Itis also influenced by the growing use of web-based data collection tools, such
as web scraping and digital surveys, which simplify the collection of repeatedly measured
network data. The increasing usage of longitudinal network data facilitates the application
of time-series analysis to social networks. This allows researchers to examine dynamic
social network analysis more closely and identify mechanisms of relationship evolution.

Previous research has provided multiple options for analyzing dynamic social net-
works. One example is the dynamic latent space model (DLSM), which reduces social
networks into lower-dimensional representations and then uses the lower-dimensional
representations for time-series analysis [12,13]. Other options for modeling dynamic social
networks include the temporal exponential random graph model (TERGM) [14] and the
stochastic actor-oriented model (SAOM) [15]. The TERGM and the SAOM both explain
changes in a time series of social networks through a combination of network statistics.
In the frameworks of both models, changes from time point to time point are exclusively
related to the changes in certain network statistics. These network statistics can include
those intrinsic to the networks, such as reciprocity, which refers to the phenomenon where
relationships in both directions are present between a pair of actors in a directed network.
Additional covariate-related statistics can also be included, such as homophily, which
refers to the situation that nodes with closer values of covariates tend to connect. The key
difference between TERGM and SAOM lies in how network changes related to the network
statistics are conceptualized and analyzed. TERGM models changes at the level of the
entire network for each discrete time point. For example, reciprocity is calculated as the
total number of reciprocated pairs of actors across the whole network, and then it is used to
capture differences across time points. In contrast, SAOM analyzes changes at the level of
individual actors, where reciprocity is defined as the number of reciprocated ties connected
to a given actor [16]. Changes in reciprocity are then analyzed with respect to mini-steps,
in which actors make choices in terms of continuous time. For dynamic network analysis
with the goal of community detection, the dynamic stochastic block model (DSBM) can be
a satisfactory option [17].

The different dynamic social network models, including TERGM, SAOM, DSBM,
and DLSM, reflect different theories behind social networks. Thus, the decision of which
model to use often depends on specific hypotheses proposed in each research scenario. For
example, the DSBM is often used for dynamic community detection. Compared to TERGM
and SAOM, the LSM approach to dynamic social network analysis has its advantage in
incorporating actor-based network structures naturally into the latent positions as well as
the ease in visualization [13], but it has its disadvantage in the difficulty in interpretations
as all effects intrinsic to the networks are represented by the latent positions [18].

Non-network covariates such as demographic characteristics and behavioral patterns
play vital roles in network tie formation processes [19-21]. As a result, recent advancements
in network sciences have been centered on the co-evolution of non-network covariates
with networks, especially from a longitudinal viewpoint. In both the TERGM framework
and the SAOM framework, dynamic nodal behavioral attributes can be incorporated as
part of the network statistics that these models rely on, although Leifeld and Cranmer [16]
argue that covariate behaviors in SAOM might, in general, be more dynamic than those
in TERGM since SAOM treats network changes as continuous. For both frameworks,
applications assessing dynamic covariates’ effects on network formation have also emerged.
For example, Wang et al. [22] evaluate the changing political relations’ effect on trading
networks and Rogoza et al. [23] assess the impact of the evolving dark triad personality
trait scores on social relationships using TERGM. The tutorial by Kalish [24] illustrates how
SAOM can be used to model dynamic networks and behaviors using the example of work
turnover and friendship, and Chu et al. [25] use SAOM to model dynamic pandemic-related
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covariates” influence on financial network changes. For DSBM, versions incorporating
time-varying covariates in clustering network nodes can be found in works such as that
by Olivella et al. [26].

The current paper addresses the incorporation of time-varying non-network covariates
into the DLSM framework. Parallel to the development of dynamic covariate-related exten-
sions in other network frameworks mentioned above, DLSM has seen some innovations
integrating dynamic covariates [27,28]. In these extended models, covariates are treated as
inputs for each time point, and their effects on network formation are modeled through
time-varying coefficients. However, these approaches leave the temporal dynamics of the
covariates themselves largely unmodeled. In contrast, the current study aims to extend
upon the DLSM proposed by Sewell and Chen [13] to explicitly model the evolutionary
processes of the covariates themselves as autoregressive (AR) processes. As Zhao et al. [29]
discussed, compared to using a non-parametric model for the dynamic covariates, using
an AR process can provide a more structured way to view the temporal evolution of co-
variates, capturing how the covariates themselves change instead of how their effects on
outcome variables change. In the following sections, the extended DLSM model setup will
be presented, followed by its application to two friendship network datasets.

2. Methods

2.1. DLSM and Its Extensions
2.1.1. The Existing Models

LSM was first proposed by Hoff et al. [12] and has been used in modeling cross-
sectional social networks. In this model, the log odds of the probability that an edge Y;;
exists between actor i and actor j in a binary network is proportional to a — d;;, where a is
the intercept and d;; is the latent distance between actors i and j. When using the Euclidean
distance, dij =|X;—X ],‘2' Here, X; and X are the latent position vectors of the actors i
and j. The purpose of LSM is to estimate such latent positions so that low-dimensional
representations of how close the actors are to each other can be obtained. In the latent space,
an edge is more likely to form between pairs of actors that are closer together. LSM has
been used in many studies to investigate the effect of social proximity [5,30].

LSM can be extended to explain dynamic social networks by expanding the model
to network data with different time points. One DLSM specification was proposed by
Sarkar and Moore [31], in which latent positions at a specific time point {, denoted by the
vector X; for actor i, can be viewed as generated from a Markov process that depends only
on the latent positions at the previous time point X;(;_;) and is transitioned via a normal

exp(a—dij)
1+exp(1x7dijt) ’
where d;j; is the Euclidean distance between X;; and Xj;—the latent positions of actor i

distribution. The probability of a link Yjj; in the observed network is p;j; =

and j at the time point f—and « is a constant. The p;j; function can be modified to include
radius r; for each actor i that defines an individual’s social reach, meaning that the extent
of forming a link is constrained to some degree.

Sewell and Chen [13] extend the DLSM outlined by Sarkar and Moore [31] to include
parameters for an individual’s popularity and social activity. The modified model has the
following specification as shown in Equations (1)—(3). In this specification, latent positions
X1, whichis a p x 1 vector at the first time point, follow a multivariate normal distribution,
as shown in Equation (2). Latent position coordinates at the first time point have a mean of 0
and are independent across dimensions so that the covariance matrix 7°I, is diagonal with
the variance parameter 72 being the spread of latent position coordinates. A larger T2 would
mean that latent positions are farther apart from each other at the first time point. Latent
positions X; at a latter time point ¢ can be seen as formed by adding a random component
&j; to the latent positions at the previous time point (Equation (3)). The random component
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&;; follows a multivariate normal distribution with mean 0 and diagonal covariance matrix
01, where 02 represents the movement parameter of latent position coordinates from one
time point to another. A larger o> means that latent position movements from time point to
time point are larger. In Equation (1), By is the coefficient representing the importance of
the popularity of an actor who is a recipient of a social relationship, and oyt represents
the importance of the sender being active in seeking friends. The parameters r; and r; are
the social reach parameters for the two individuals forming the edge. The distance d;;; can
be flexibly defined. Commonly, the Euclidean distance d;j; = |X; — X |? is used. Using
(1- @) and (1 — dr’—ft) as predictors means that the predictors’ values increase with the
decrease in the distance (d;j;) between two actors as well as the increase in social reach (r;
and r;) of each actor. Therefore, when both By and Bour are positive, the probability of
tie formation increases with a decreasing distance between two actors and an increasing
social reach.

In the case when By < 0, it would be reasonable to assume Boyr > 0 and
Bour > |Bin| such that social activity is more important than popularity, and the term

d;j . . “1s .
Bour(1 — r—ft) governs the increase in edge probability over the influence of the term

Bin(1— @) on decreasing tie probability when the predictors increase [13]. The case
where IN] > 0 and Boyr < 0 can be interpreted vice-versa. When both By and Boy are
negative, this contradicts the theory behind LSMs such that a smaller distance between
latent positions would correspond to a higher probability of forming a relationship, and is
therefore not considered.

. dijt dijt
logit[p(Yyr = 1)] = fin(1 — =) + Pour(1 — %) 1)
] 1
Xi ~ N(0,7°1,) )
Xit = Xi_1) + &t &t ~ N(0,07Tp);t =2,..., T 3)

To account for dynamic covariates more flexibly, Adhikari et al. [27] proposed a DLSM
with dynamic covariates with a link function in the form of Equation (4), where S; denotes
a sender effect on node 7, R; denotes a receiver effect on node j, B4+ denotes the relationship
between the network edge and the covariate X;j;;, which is the gth edge-wise covariate at
time ¢. In this model, the coefficient B+ varies with time point, making the relationship
between covariates and network edge a dynamic component. Loyal [28] utilizes a similar
model, but instead of using the coefficient S to link covariates with network edges, a
real-valued function f(t) is used for estimating non-parametric relationships between the
dynamic networks and the dynamic covariates.

Q
logit[p(Yijy = 1)] =a+S; + R; + 2 Bt Xijgt + dijt 4)
q=1

2.1.2. DLSM with Covariate Evolution

The implementations of the DLSM with time-varying covariates by Adhikari et al. [27]
and Loyal [28] primarily focused on the changing covariate effects on dynamic network
formation. However, the evolution of the covariates themselves is not incorporated in
the models. In social science research, the change in non-networks themselves is often of
interest as well. The current study aims to not only investigate the covariate effect in DLSM
but also account for covariate evolution alongside network evolution. Instead of modeling
the covariate effect as time-varying like in Adhikari et al. [27] and Loyal [28], the covariate
evolution itself will be modeled as an autoregressive process when keeping the covariate
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effect on the network constant across time. This model specification allows the changing
covariate effect on the network to be a result of the covariates” own varying level across
time instead of the effect itself changing.

The proposed actor-based covariate evolution model is shown in Equations (5)—(8).
The model assumes that the actor-based covariate vector C;; has individual covariates
each following an AR(1) autoregressive process, as shown in Equation (6). In this case,
Cit, ¢, &, and o2 are all vectors of length Q for Q different covariates. Diag(¢) forms a
diagonal matrix from the vector ¢p. An intercept term is not included for simplicity, and
thus corresponding covariates should be centered. Here, a smaller ¢ would suggest that
the covariate of the current time point is less dependent on itself at the previous time
point. It is assumed that different covariates can have different autoregressive coefficients
and shock variable variances, but their autoregressive processes are independent of each
other. This simplification of autoregressive processes of the covariates is not only done
to ease the interpretation of the model but also to be consistent with the latent position
model specification as the latent positions of different dimensions are assumed to evolve
independently. The Markov process for the latent position Xj; is unchanged from the
DLSM without covariates, as shown in Equations (7) and (8), while the log odds of the
probability of a link in the social network Yj;; is modified to include the term B f(Ci,C jt)/
where f = (f;) is a vector of customizable function with each measuring the difference
or distance between the covariate values of two individuals for the gth covariate. This
function produces separate difference measures for each covariate so that the coefficient 8
is also a vector of dimension Q containing all Q coefficients for f(;.g. This is chosen over an
overall covariate difference measure over all covariates to distinguish potentially different
effects of different covariates. When f(Cy, Cj;) = Cj; — Cj, each element of B corresponds
to the effect of the difference score such that a larger f indicates a more likely relationship
between a pair of sender and receiver if the sender has a higher covariate value than the
receiver. This signed difference score will be used in the data analyses in this study.

logit[p(Yjr = 1)] = B'f(Cit, Cjt) + Bin(1 — (éjt) + Bour(1 — d;jt) (5)
Cit = Diag(¢)Ci(p_1) + ¢, € ~ N(0,021g);t =2,..., T (6)

X;1 ~ N(0,7%1,) 7)

Xit = Xi(4_1) + &t &t ~ N(0,071p);t =2,..., T (8)

The actor-based covariate evolution model with one covariate is visualized in Figure 1.
Because only one covariate is included, vectors B, ¢, Cj;, and C jt are reduced to scalars and
are represented by B, ¢, Cj;, and Cj;. In this representation, C;; represents the actor-based
covariate value at time ¢ for individual i, and Cj; represents the actor-based covariate
value at time f for individual j. The covariate evolves over time with the AR parameter
¢, indicated by the arrows from the previous time point to the next time points for the
covariate. The latent positions are represented by X;; and X; for individuals i and j at time
t, which also evolve over time as indicated by the arrows connecting latent positions at
different time points. When focusing on a specific time point ¢, the covariate difference
value fijt and the latent distance dijt both contribute to the observed network edge Yj;;.
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Figure 1. DLSM with actor-based covariate evolution. Cj; is the covariate value for actor i at time t,
Xy is the latent position of actor i at time . d;j; and f;;; represent the pairwise latent distance and
covariate difference at time ¢, and Y};; represents the observed edge at time t between actors i and j.
The noise components in both the covariate AR process and the latent distance process are hidden
for simplicity.

2.2. Estimation of Model Parameters

For the covariate evolution model, a Bayesian approach extending Sewell and Chen [13]
can be used for model estimation. Time-varying actor-based covariates can be incorporated
into the process and sample the parameters with the assumption of T time points, n network
nodes, and p latent position dimensions. The logistic link parameters Bn, Bour, B[1.q] as
well as the latent position X are estimated using the Metropolis—-Hastings (MH) algorithm,

1:Q
using Gibbs sampling schemes. Here, we use subscripts [1 : Q] to denote a generic scalar

while the rest of the parameters, including r[l:n],4>[1:Q],acz[ ],TZ, and ¢? are estimated
parameter corresponding to the covariates. For example, B, refers to any f,; in vector .
The issue of latent positions X being not uniquely identified is quite commonly solved in
the LSM literature by using the Procrustes transformation. In our estimation, the approach
outlined by Sewell and Chen [13] is used. Estimated latent positions are aligned with a
chosen set of coordinates to make sure latent positions are well defined.

The estimation of parameters Bn, BouT, X, 72,02, and T[1:0) CAN be modified based on
the sampling scheme in Sewell and Chen [13] by updating the likelihood of edge formation
to include the covariate effect, as shown in Equation (9).

d d;;
explyiji'f(Cit, Cit) + Bin(1 — ﬁt) + Bour(1— )] @)
bijt = d; d;;
14 exp[B'f(Cit, Cjt) + Bin(1 = 35) + Bour (1 — 3]

Using the above edge formation likelihood, conditional distributions in Equations (10)~(13)

can be derived in the MH sampling processes for X, r(1.,}, fin, and Bour, respectively. In

these equations, ¥ denotes the collection of all the parameters the current parameter is being
conditional on. Specifically, N(Bx|vin, ¢in) in Equation (12) and N(Bour|vour, our)
in Equation (13) are the normal priors for By and Boyr, whereas a Dirichlet (1,...,1)
distribution is used as the prior for the social reach r.

(TTj4i Pijepjit) N (X0, 0?1, )N (X 1| Xy, 071) £ = 1
P(Xit|¥) o<  (TTji Piepjit) N (Xip 1| X, 0T )N (Xig| Xy -1, 0°1p), 1 <t < T (10)
(TTj4i Pijepjit) N (Xt | Xjg—1,0°1p) t = T
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T n
P(rp¥) < TTTTI I pit 11)

t=1i=1 j£i
T n
P(BINTE) o< (T TTTI Ipiit)N(Binlvin, Ein) (12)
t=1i=1 j#i
T n
P(Bour¥) o< ([ [T I1 I rije)N(Bourlvour, Gour) (13)
t=1i=1 j#i

The parameters 72, and o2 can be sampled with the following schemes, as shown in
Equations (14) and (15). In this case, the prior for 2is [ G(ap,bp) and for o2is T G(ay2,b,2).

T n
[ ~ IG(ay +np(T —1)/2,b,2 +1/2Y Y | Xy — Xjp—1?) (14)
t=2i=1
n
Y ~ [G(ap +np/2,b2 +1/2) X7) (15)

i=1

The covariate effects f[;. o) have the conditional distribution, as shown in Equation (16),
with N(Bj1.g) |1//5[1: o ¢ Biig) ) being the prior of the covariate effects. Since this is a parameter
added in the extension model, the derived acceptance ratio is shown as in Equation (17),
where log(A) is the log of the acceptance ratio in each iteration of the MH sampling process
and the superscripts prev and new indicate the value of the covariate effect in the previous
and the current iterations. The covariate effect corresponding to each covariate is updated
separately in this process. In Equation (17), the MH scheme is simplified to have only
one covariate.

T n

P(Bu.g¥) = (LTI TT [P N(Bpuq)l Vo S0 (16)

t=1i=1 j#i

T n
log(A) =3 Y Y |vij(B" — BP"®) f(Cit, Cjt) -
t=1 i j#i
dij d;
log(1+exp(B"“f(Cit, Cjt) + Bin(1 — *) + Bour (1 — r]t )+

. K 4 l (17)
log(1 + exp(B"*° (i, Cit) + Bin(1 = —2) + Pour(1 = —2))) | -
] i
1/2(" —vp)*/ Gyt

1/2(’3;7751) _ V,B)z/gﬁ

For covariate evolution parameters ¢, and (762[1: al the conditional distributions are
given below in Equations (18) and (19). In these two equations, it is also assumed that
there is only one covariate for simplicity of the notations. The prior of ¢ is assumed to be
N(vy, &p), and the prior of 0? is assumed to be IG(ay2,b,2).

1 T n
PlY ~ N(( 54; + ZZZle 1 V¢§¢ +ﬁzzczt 1Cit),
Ct 2i= Cc t=2i=1
(18)
1 T n
’§¢ +0.2 chtl
¢ t=2i=1
) 1 1 T n
Oe¥ ~ 1G(age +5(n(T = 1)) b + 3 1 1o (Cir = 9Cir)’) (19)

t=2i=1

https://doi.org/10.3390/computation14020034


https://doi.org/10.3390/computation14020034

Computation 2026, 14, 34

8 of 23

Further prior and initialization value choices are shown in Table 1. For parameters
72, BIN, Bour, t, initial values and priors are chosen according to Sewell and Chen [13].
Prior and initial value for o are chosen based on the maximum likelihood estimates, and

weak informative priors and initial values for B.q), ¢1.q] and af[ are used. Only one

1:Q]
set of estimated optimal initial values is considered in this case because of the computation
cost and the identification issues that arise from the latent space: if latent positions are not

consistent across chains, estimates may not converge.

Table 1. Priors and initial values used in estimating parameters of the extended DLSM.

Parameter Prior Initial Value

BIN N(0,10) estimated from maximum likeli-
hood

Bour N(0,10) estimated from maximum likeli-
hood

Biq N(0,10) 0

Pl N(0,10) 0

gl 1G(2,10) 0.001

1 1
o G205, L5 X P/ () EL XD )
o 1G(2.05,1.05 0 T [XG ), — T XX, — X, P/ (np(T -~
1
X1/ (np(T = 1))) L)

g Tin (Y4 Yiie) /2
Ti—1 Yizj Yij

" [1:n] Dirichlet(1, ..., 1)

With the derived Bayesian likelihoods and posteriors for parameters added in the
extended DLSM along with sampling steps above, the sampling process is implemented
in R [32] with packages Rcpp [33] and RecppArmadillo [34]. The R code modifying code
from Sewell and Chen [13] to include AR processes for covariates can be found on Github
at https://github.com/xzqzigian/DLSMcov, accessed on 27 January 2026.

3. Applications

3.1. Data
3.1.1. Overview of Dataset 1

Dataset 1 was collected via weekly surveys from September 2021 to April 2022 with
30 time points (T = 30) from a university in south China with n = 36 after data cleaning.
Participants from a single classroom were recruited at the beginning of the data collection,
and no new participants entered in the following waves of data collection. Missing data
percentages for the friendship network ranges from 18.6% to 31.4% for each time point.
Friendship information in this dataset was collected on a Likert scale with responses of
Dislike, Neither Like or Dislike, Friend, Good Friend, and Best Friend. In the analysis,
responses to the first two categories are coded as a lack of friendship and the other three
categories as an existence of friendship.

Besides questions regarding friendship, information about respondents’ smoking and
drinking behaviors, overall happiness, and perceived pressure levels were also collected.
Bayesian estimation of the extended DLSM will be carried out on this dataset with the
self-report values of three covariates: (1) compared to last week, I attended more social
events; (2) compared to last week, I feel happier this week, and (3) compared to last
week, I feel more pressure this week. Participants reported their scores on these three
Likert-scale covariates on a scale of 1 (highly disagree) to 5 (highly agree). Covariates were
centered to be used in the extended DLSM, and the function f(Cj;, Cj;) = Cj; — Cj; was
used to investigate whether person i, or the sender of a friendship, is more likely to form a

https://doi.org/10.3390/computation14020034


https://github.com/xzqziqian/DLSMcov
https://doi.org/10.3390/computation14020034

Computation 2026, 14, 34

90f 23

friendship with person j or the receiver of a friendship, with a lower or higher covariate
score than the sender themselves.

At each time point, the correlations among social event attendance, happiness, and
pressure ranged between —0.36 and 0.716. The temporal correlations for the three covari-
ates are shown in Figures 2—4. The maximum variance inflation factor between the two
covariates across time points is 2.49, suggesting no multicollinearity.

Temporal correlation heatmap for covariate social

Correlation

QK R P &5 AL K LD A2 0 w0 12 P22 AV P s a2 S
Time

Figure 2. Temporal correlations of the covariate social event attendance.

Temporal correlation heatmap for covariate happy

Correlation

10
l 0.5

R Y R QX K2 KR K12 A28 ¥ W 82w 2,0, 0 8P 2,08 b P 2@ 224
Time

Figure 3. Temporal correlations of the covariate happy.
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Temporal correlation heatmap for covariate pressure

T19 [ | Correlation

T18 | ] w0

QYR QX K2 2 K AR A2 Y, k12, 2,0, XN 8P 2,00 D b2 202 P02
Time

Figure 4. Temporal correlations of the covariate pressure.

3.1.2. Overview of Dataset 2

A second dataset was collected yearly from 2017 to 2019 in a Chinese university with
n = 71 after cleaning. For covariates, loneliness and the extroversion personality trait
were used. In this dataset, loneliness was measured with 10 items in the UCLA loneliness
scale, with Likert responses of 0: Never, 1: Rarely, 3: Sometimes and 3: Often [35]. For
extroversion, the Mini-IPIP scale with 4 items of Likert responses from 1 (Strongly Disagree)
to 5 (Strongly Agree) was used [36]. The covariates were, again, centered to be used in
the analysis.

We use extroversion and loneliness as covariates in this analysis by taking the mean
score after reverse coding appropriate items. Network responses were collected on a Likert
scale with responses of 0: I have heard of their names, 1: I heard about the person but have
had no interaction with them, 2: I have met the person a few times but we are not friends,
3: the person is a friend of mine, and 4: the person is one of my best friends. For the analysis,
networks are dichotomized so only responses 3 and 4 are considered as friendship ties.

At each time point, the correlations between loneliness and extroversion are —0.052,
—0.078, and —0.133. The temporal correlations for loneliness and extroversion are shown
in Tables 2 and 3. The variance inflation factors between the two covariates at each time
point are 1.003, 1.006, and 1.018, suggesting no multicollinearity.

Table 2. Temporal correlation for loneliness.

T1 T2 T3
T1 1.000 0.226 0.183
T2 0.226 1.000 0.109
T3 0.183 0.109 1.000

https://doi.org/10.3390/computation14020034


https://doi.org/10.3390/computation14020034

Computation 2026, 14, 34

11 of 23

Table 3. Temporal correlation for extroversion.

T1 T2 T3
T1 1.000 0.264 0.496
T2 0.264 1.000 0.139
T3 0.496 0.139 1.000

3.2. Analysis

Both Dataset 1 and Dataset 2 are analyzed with the covariate informed DLSM under a
Bayesian framework, with posterior inference carried out using code adapted from Sewell
and Chen [13]. Trace plots for MCMC samples and Geweke z-scores were obtained for
convergence analysis of corresponding parameters. After convergence analysis, mean
parameter values with 95% credible intervals for estimated coefficients were obtained
and reported. Finally, to evaluate predictive performance, receiver operating characteristic
(ROC) curves and precision-recall curves were constructed for each dataset to predict edges.
The area under the ROC curve (AUC) was used as a summary measure of the model’s
discriminative ability across classification thresholds. AUC was compared between the
DLSM with covariates and a DLSM without covariates as the baseline model.

3.3. Results
3.3.1. Results of Dataset 1

To estimate the extended DLSM parameters from Dataset 1, a total of 700,000 iterations
was used, with a thinning parameter of 50. The first 200,000 iterations of the chain were
removed in the burn-in stage. To assess convergence, both the MCMC trace plots and
the Geweke test statistics (z-scores) [37] were used. The resulting Geweke z-scores are
shown in Table 4 and are below 1.96 in absolute values for most parameters. For B, and
¢2, although the z-scores are larger, the MCMC trace plots show convergence, as shown
in Figure 5a—m. Research with simulation studies has shown that the Geweke statistics
tend to overestimate non-convergence in chains even in simulated data [38], and since
the performance of the MCMC chains are consistent with ones in Sewell and Chen [13], it
is believed that the Geweke statistics are acceptable in this case, and, therefore, it can be
concluded that the chains have converged.

The means and 95% credible intervals of the estimated parameters for the extended
DLSM with actor-based covariate evolution are also given in Table 4. For the covariate
effects, it is observed that f; = —0.143, suggesting that senders tend to form friendships
with receivers who have higher social event attendance frequencies than themselves. Ad-
ditionally, B, = 0.121, indicating that senders prefer to befriend those who report lower
happiness levels than themselves. For the covariate effect of pressure on network tie forma-
tion, B3 = —0.069, showing that senders tend to make friends with individuals who are
feeling more pressured than themselves. As for the latent distance effects on network tie
formation, it is observed that f;y = —0.328 and Boyr = 5.156. Thus, the senders being
active in seeking friends is more important than the receivers being popular. In other
words, sender identities are more important than receiver identities in friendship formation.
In terms of the evolution process for latent positions, the small 6% values show that the
movements of latent positions from time point to time point are small as well. The covariate
autoregressive effect parameters (¢, 3)) for all three covariates are below 1.0, suggesting
that the covariate evolution processes are stable and the change is not large.

The AUC for this model is 0.983, which is desirable, and the ROC curve in Figure 6
shows that the best prediction performance of the model is achieved when using 0.329 as
the cutoff for present or absent friendship. The false positive rate and true positive rate
associated with the cutoff are 0.100 and 0.956. The model without covariate effects has an
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AUC of 0.981. Compared to the model without covariates, adding covariates in the current
model only slightly improved AUC. The precision—recall curve of this model is shown in
Figure 7. The model has both high precision and high recall around the top right corner,
with values of 0.922 and 0.936 at a threshold of 0.471. This means that, at this threshold, the
model not only ensures that most predicted positive edges correspond to true ties (high
precision), but also successfully recovers the majority of the true edges in the network (high
recall), indicating strong overall discriminative performance.
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Figure 5. Trace plots of the MCMC samples in Dataset 1.

Table 4. Mean estimates, corresponding 95% credible intervals, and Geweke z-scores for parameters
of the actor-based covariate evolution model in Dataset 1.

Parameter Mean 2.5% Quantile 97.5% Quantile Geweke z-Score
B1 —0.143 —0.1849 —0.103 —1.392
B2 0.121 0.073 0.170 —2.175
B3 —0.069 —0.108 —0.031 0.338
BN —0.328 —0.402 —0.254 —0.251
Bour 5.156 5.008 5.310 -1.777
o? 8317 x 1077 6.750 x 1077 1.000 x 107® —1.285
72 1.318 x 107*  9.400 x 10~° 1.832 x 1074 —1.354
¢1 0.482 0.428 0.536 0.803
O 0.539 0.487 0.590 —2.651
¢3 0.519 0.467 0.570 —0.220
o8} 0.783 0.718 0.8855 —0.638
O 0.596 0.547 0.650 —0.964
03 0.710 0.652 0.774 —0.826

The posterior means of the latent position movement trends across time points for each
individual in Dataset 1 are shown in Figure 8a,b. Figure 8a shows the moving trajectories
of latent positions across all 30 weeks, whereas Figure 8b shows the initial and final latent
positions. It can be shown from Figure 8a that each individual’s latent movement trajectory
is slightly different, yet every individual moved to some extent across the 30-week time
span. There are individuals with quite erratic latent position movements in the center
part of Figure 8a, whereas individuals at the bottom of this figure tend to have smoother
movements. In both cases, individuals tend to stay close within specific local regions of the
latent space, suggesting relatively stable relationships across time. Aligning Figure 8a,b, it
can also be concluded that measuring networks frequently could be meaningful since the
trajectories are not always linear. It can also be observed that as latent positions change,
the associated covariate, in this case, social event attendance, also fluctuates to different
extents. The average latent position movement aggregated across individuals for each
time point from an alternative perspective is shown in Figure 9. The average movement is
slightly higher and more varied around week 10 and week 20, but the variations are quite
small overall.
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Figure 6. The ROC curve of the three covariate model for Dataset 1.
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Figure 8. Latent positions of students at selected time points, with the darker color dots indicating
larger values of the covariate of social event attendance in Dataset 1.
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Figure 9. Mean latent moving distance in latent positions from week to week in Dataset 1.

To assess whether the AR(1) process is appropriate for covariates in Dataset 1, autocor-
relations of covariate residuals pooled across individuals after removing the AR(1) trends
were plotted, as shown in Figure 10. Autocorrelations were all small, indicating that AR(1)
is appropriate.
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Figure 10. Residual autocorrelation plots for covariates in Dataset 1. The blue horizontal lines indicate
the 95% confidence limits under the null hypothesis of no autocorrelation.

3.3.2. Results of Dataset 2

For estimating the parameters of the extended DLSM in Dataset 2, one chain with
1,000,000 iterations is used, with 300,000 iterations removed as burn-in after inspecting
the MCMC plots. A thinning parameter of 10 is used. After fitting the extended DLSM
to the dataset, the convergence of parameters is assessed with Geweke statistics shown
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in Table 5, which are mostly satisfactory except that the z-scores for 8, and Boyr have
slightly larger values. After further checking the MCMC plots in Figure 11aj, it can be
concluded that the parameters have converged. The resulting means and credible intervals
of parameters are also shown in Table 5. The 95% credible interval for parameters other than
B1, B2, and ¢, excludes 0. Focusing on the covariate effects, Bl = —0.039, suggesting that
senders tend to make friends with receivers with higher loneliness levels than themselves;
Ba = 2.852 x 1074, suggesting that senders like to make friends with receivers with lower
extroversion scores. Both covariate effects are really small. As for the latent distance effects,
Bour and By are both positive with Boyr > Bin, indicating that the identities of senders
are more important in friendship formation than receivers. The latent position movement
parameters are again small for this dataset. For the covariate autoregressive effects, both
loneliness and extroversion have stationary AR(1) processes with autoregressive coefficients
smaller than 1.

The AUC for Dataset 2 is 0.951, and the ROC curve is shown in Figure 12 with the
best cutoff being 0.23, having a false positive rate of 0.100 and true positive rate of 0.864.
The model without covariate effects has an AUC of 0.954. In this case, adding covariates
decreases AUC, suggesting a worse fit. Figure 13 shows the respective precision and recalls
at different cutoffs. The best cutoff for precision-recall is 0.520 with a precision of 0.787
and recall of 0.761. Compared to the high precision and recall values achieved in Dataset 1,
the model for Dataset 2 does not have the same level of discriminative ability, indicating a
weaker separation between true ties and non-ties.
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Table 5. Mean estimates, corresponding 95% credible intervals, and Geweke z-scores for parameters

in Dataset 2.

Parameter Mean 2.5% Quantile 97.5% Quantile Geweke z-Score
B1 —0.039 —0.128 0.050 —0.920
B2 2.852 x 1074 —0.069 0.068 —2.506
BN 0.620 0.521 0.717 1.670
Bour 2.042 1.867 2.222 —2.186
o2 1.490 x 10~° 1.006 x 10~° 2.131 x 10~ 1.668
72 2488 x 1074 1.924 x 10~4 3.197 x 104 —0.303
P 0.168 —0.028 0.364 0.518
I 0.181 0.014 0.349 —1.671
) 0.460 0.365 0.580 1.713
o2 0.567 0.450 0.714 —0.121
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Figure 12. The ROC curve of the two covariate model for Dataset 2.
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Figure 13. The precision—recall curve of the two covariate model for Dataset 2.
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Despite individualized latent position movement trajectories, the latent positions tend
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space across three years. Patterns of loneliness

change tend to be varied by individuals as well, but in some clusters of latent positions that
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fairly close, showing a homophily effect. On the

other hand, the average individual latent position movement for each time points (Figure 15)

indicates a slightly larger average moving distance from year 2 to year 3 compared to that

from year 1 to year 2.
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Figure 14. Latent positions of students with darker color dots indicating a larger value of the covariate

of loneliness.

https:/ /doi.org/10.3390/computation14020034


https://doi.org/10.3390/computation14020034

Computation 2026, 14, 34

19 of 23

T 5

o S _

> s e =

o 5 :

-+ h

— n !

§ ¢ |

> 8- | |

g o ?

o

t —

(]

O(*)

c 8-

8 o

0

S ] 5

(@)] .

£ 8. | |

3 S ’ :

E 1 2
year

Figure 15. Each individual’s moving distance in latent positions from year to year based on the
actor-based evolution model.

To assess whether the AR(1) process is appropriate for covariates in Dataset 2, autocor-
relations of covariate residuals pooled across individuals after removing the AR(1) trends
were plotted, as shown in Figure 16. Autocorrelations were all small, indicating that AR(1)
is appropriate.
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Figure 16. Residual autocorrelation plots for covariates in Dataset 2. The blue horizontal lines indicate
the 95% confidence limits under the null hypothesis of no autocorrelation.

4. Discussion

The current study proposes an extension of the DLSM that enhances the understand-
ing of how relationships form and dissipate dynamically by considering time-varying
covariates. The proposed model assumes that the observed network at each time point
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is a function of both latent positions and covariates. The latent positions and covariates
themselves are also dynamic and evolve from time point to time point. Prior implemen-
tations of DLSM with dynamic covariates by Adhikari et al. [27] and Loyal [28] focused
on the dynamic influence of covariates. The current paper is different because the evolu-
tion of the covariates themselves are investigated. Fitting this model to two friendship
network datasets with a different number of time points and covariates, it is found that the
latent positions and covariates contribute differently to friendship formation. In Dataset 1,
friendship tends to form in the case when receivers have higher social event attendance,
lower happiness, and higher pressure than the sender; in Dataset 2, friendship tends to
form between receivers and senders when receivers have lower extroversion and higher
loneliness. Overall, the covariate effect trend can be explained by senders being drawn to
more visible and relatable receivers. In both datasets, latent position movements from time
point to time point tend to be small, and the sender effect tends to dominate the observed
network formation over receiver effects.

The proposed model can be expanded in several ways. First, in the current model, it is
assumed that the covariates are continuous variables. However, in practical data analysis,
other types of variables such as binary variables, ordinal variables, and categorical variables
may exist. To incorporate such types of covariates, one can change the corresponding time
series process to match the distributions underlying different data types. For example,
binary data could have an AR process on the Bernoulli probability, which can then be used
as a predictor to edges being present in social networks.

Second, network ties are dichotomized in the current paper. This choice reflects the
research focus on the presence versus absence of ties rather than their intensity. While
dichotomization simplifies interpretation and modeling, it does entail some loss of informa-
tion compared to weighted networks. The framework can indeed be extended to networks
with weighted edges, as Sewell and Chen [39] explored. In such a situation, the probability
of edge formation can be modeled using an exponential link, if the edge is assumed to be
continuous, or extending the logic link for ordinal edge values.

Third, when analyzing Dataset 2, composite scores for the loneliness scale and the
extroversion scale are used. However, latent data analysis can be applied here, too. For
example, multiple survey items might be used to measure the same unobserved construct
(e.g., personality is often measured using a series of questions). In this case, a latent variable
or a latent space for covariates would be more appropriate, as shown in the paper [40].
Ref. [40] describes a method that models covariates in static social networks via an attribute
latent space model, which can possibly be extended to dynamic social networks.

Fourth, in the setup of the current model, correlations among covariates are not
considered for simplicity, but such correlations can indeed be present in empirical data.
It is possible to modify the independent autoregressive processes for each covariate to
be a vector autoregressive process for all covariates together. Inspired by this possibility,
one can also investigate different covariate evolution processes as well as latent position
evolution processes.

Fifth, although the necessity of higher-order AR models is assessed using residual
autocorrelation diagnostics, a systematic comparison with alternative time-series specifi-
cations is not conducted. In particular, whether other plausible evolution models such as
random walk or more flexible state-space models might provide a better characterization
of covariate dynamics is not evaluated. Future work could compare alternative temporal
structures to assess their relative adequacy.

Sixth, the current analysis did not involve missing data. In the presence of missing
values, imputation methods [41] or approaches that explicitly model the missingness

https:/ /doi.org/10.3390/computation14020034


https://doi.org/10.3390/computation14020034

Computation 2026, 14, 34

21 0f23

mechanism [42] could be employed. Although the proposed model is built upon LSM, it
can be extended to incorporate model-based eigenvalue decomposition methods [43].

Seventh, the predictive performances of the DLSM with and without covariates were
compared in this paper, which sheds light on the potential drawbacks of having covariates.
In Dataset 1, including covariates slightly improved AUC, suggesting that observed co-
variates capture some aspects of tie formation. In contrast, in Dataset 2, adding covariates
slightly decreased AUC, indicating that the latent-space component may already account
for most of the structure and including covariates can introduce noise or overfitting.

Eighth, the current paper is based on latent space model, which emphasizes the ex-
planation of tie formation in temporal networks; in contrast, more general dynamic-graph
sequence modeling approaches such as DyG-Mamba adopt a state-space paradigm that
prioritizes predictive performance [44]. This reveals fundamental differences in modeling
goals. While the DLSM aims to decompose observed network evolution into interpretable
components, DyG-Mamba and similar state-space models aim to capture highly complex,
nonlinear dynamics in a largely data-driven way. Thus, the DLSM is suitable for under-
standing roles of different components such as covariates and latent positions in network
evolution, whereas state-space models are more suited for prediction. For future works, it
could be valuable to investigate the role of covariates in state-space models as well.

Ninth, the empirical datasets used in this current study are not standard benchmark
datasets, which raises issues of reproducibility and validity of the proposed models. Both
datasets are friendship datasets collected via surveys in university settings and are specific
to particular social contexts and populations. As a result, the findings of the current study
may not be generalized to other types of networks in other environments. Gathering
datasets for reproduction may also be difficult given the nature of friendship data and the
longitudinal aspects of the datasets, further posing validation constraints.

Finally, the current sampling procedure is implemented in R. The computational time
is not ignorable. While in Dataset 2, the chain of 1,000,000 iterations is finished in around
3 h on a Macbook Pro laptop with M1 chip, the chain of 700,000 iterations on Dataset 1
took around 7 h due to the much larger number of time points even with a relatively small
sample size of n = 36. For larger sample sizes such as #n = 100, the computational time
with the same number of iterations and time points will be approximately seven-fold. The
larger time points and iterations also pose a problem to memory usage because the MCMC
chain saved could be so large as the iteration number increases that it could deplete the
available memory on a machine. For example, the chain for Dataset 1, if saving every
iteration, would take around 10 GBs of memory. The computing cost has prevented us from
conducting any simulation studies. In the future, methods of speeding up the algorithm
can be explored.

5. Conclusions

In this paper, an extension of the DLSM that incorporates the effects of time-varying
covariates into the network evolution process is presented. Applying the model to two
empirical datasets, our results show that whether covariates can explain information in
the network beyond what the latent positions entail depends on the dataset. In Dataset 1,
adding covariate evolution results in slightly higher AUC, whereas in Dataset 2, adding
covariates decreases AUC. Future research could extend this work by modeling valued ties,
considering covariates with different data types, applying the framework to larger networks,
and comparing it to alternative dynamic graph sequence approaches such as DyG-Mambea.
Such extensions would enhance both the predictive power and interpretability of dynamic
network models in applied contexts. It should also be noted that the current work can be
further validated by applying DLSM with covariates to standard benchmark datasets.
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