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Estimating and Testing Mediation Effects
with Censored Data

Lijuan Wang and Zhiyong Zhang
University of Notre Dame

This study investigated influences of censored data on mediation analysis. Mediation effect esti-
mates can be biased and inefficient with censoring on any one of the input, mediation, and output
variables. A Bayesian Tobit approach was introduced to estimate and test mediation effects with
censored data. Simulation results showed that the Bayesian Tobit approach can be used to deal
with censoring in estimating and testing mediation effects under certain conditions. The proposed
method was illustrated by analyzing an empirical data set with more than 50% of censored data
on the output variable. Some guidelines for applying the proposed method were discussed.

In health and social science research, researchers sometimes observe censored data instead of
complete data. In health research, Type I censoring (Klein & Moeschberger, 2003) occurs when
participants in a clinical trial or a longitudinal study have periodic follow-up and patients’ event
time fall in an interval (L;, R;), where L; is the left endpoint and R; is the right endpoint of the
censoring interval). When L; equals —oco and R; equals 400, the data are not censored. When
L; equals —oo and R; is a finite number, the data are right censored. When R; equals 400 and
L; is a finite number, the data are left censored. Otherwise, the data are interval censored. For
example, in a longitudinal life span study investigating Alzheimer’s disease (AD), researchers
are interested in the age of initial occurrence of AD. For the participants who have their initial
occurrence of AD during the study, researchers are able to observe the values of the response
variable. However, for the participants who have had AD and do not know their ages of initial
occurrence before entering the study, the observed values of the response variable are recorded
as the ages when they enter the study. Furthermore, for those who do not have AD before
or during the study, their observed values are recorded as the ages at the end of the study.
Therefore, the age variable can be correctly observed only for a part of the participants. For
the other participants, we have limited information on the response variable.

In educational and psychological measurement settings, we can also observe censored data.
Right censored data or left censored data are also called ceiling data or floor data in testing
settings. For example, when the test is relatively too easy or too difficult, the true abilities or
traits of some individuals might not be measured accurately if the participants answer all items
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correctly or incorrectly due to a low ceiling or a high floor threshold. In this case, the true
abilities of those individuals who obtain maximum or minimum scores cannot be determined.
Uttl (2005) provided a comprehensive discussion of severe ceiling effects in widely used
memory tests, such as the verbal paired associates and word list tests from the Wechsler Memory
Scales (Wechsler, 1945, 1987, 1997), the Rey Auditory Verbal Learning Test (RAVLT; Rey,
1964), and the California Verbal Learning Test (Delis, Kramer, Kaplan, & Ober, 1987). Among
the adverse effects of low ceilings mentioned by Uttl were underestimated means and standard
deviations and attenuated reliability and validity. It was also found that parameter estimates
from regular regression analysis or structural equation models are biased and inefficient with
censored data (e.g., Brown, 1992; Muthén, 1989, 1990; Tobin, 1958).

Different approaches have been proposed and applied to deal with censored data. For
example, Muthén (1989) developed and applied the Tobit approach to analyze censored data
for a factor analysis model in two steps. The Tobit correlation matrix was estimated in the
first step, and the factor loadings and variances were estimated based on the Tobit correlation
matrix in the second step. Brown (1992) compared different approaches to estimate a path model
with latent variables for censored data via a simulation study and found that the procedure in
Muthén (1989) provided relatively better results. Wang, Zhang, McArdle, and Salthouse (2008)
introduced and applied the Tobit growth curve model to analyze longitudinal ceiling data and
found the results were more accurate and precise than the regular growth curve model for
longitudinal ceiling data.

In this study, we investigate potential influences of censored data on mediation analysis that is
widely used in social and behavioral sciences. We introduce a Tobit mediation model to deal with
censored data in mediation analysis. In the following, we first give a brief review of mediation
analysis and hypothesis testings of mediation effects. Then we present the Tobit mediation
model and Bayesian estimation method for mediation analysis with censored data. After that, the
influences of censoring on estimating and testing mediation effects are investigated via simula-
tions. The accuracy, precision, and power of the Bayesian Tobit mediation approach on estimating
and testing mediation effects are also investigated via simulations. Finally, the application of the
Bayesian Tobit mediation model is demonstrated using a real cognitive aging research example.

MEDIATION ANALYSIS AND HYPOTHESIS TESTING

Mediation analysis has been widely used in psychological and behavioral research to develop
theories of whether there exists a third variable M that accounts for the relationship between
an input variable X and an output variable ¥ (Baron & Kenny, 1986; Judd & Kenny, 1981a,
1981b; MacKinnon, Fairchild, & Fritz, 2007; Shrout & Bolger, 2002). The most widely applied
mediation model perhaps is the observed three-variable model or the observed single-mediator
model displayed in Figure 1. In Figure 1, Y, X, and M represent the dependent or output
variable, the independent or input variable, and the mediation variable, respectively. ejs and
ey are residuals with variances GfM and GfY. The mediation models can be expressed by two
regression equations:

Y =i+ X +bM + ey 0
M=i+aX + ey ’
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FIGURE 1 A path diagram for a simple mediation model.

where a represents the relationship between M and X, b represents the relationship between
M and Y after controlling the effect of X, and ¢’ represents the relationship between X and Y
after controlling the effect of M. ¢’ is also called the direct effect of X on Y and ab is called
the indirect effect of X on Y through M. The implied model without the mediation effect is
Y =ip+cX + eyo.

When mediation effects have occurred, the indirect effect, ab, or the difference in the direct
effects, ¢ —¢’, should be significantly different from 0 (e.g., Baron & Kenny, 1986; MacKinnon,
Lockwood, Hoffman, West, & Sheets, 2002; Shrout & Bolger, 2002; Sobel, 1982). If ¢’ is not
significantly different from 0, we call the effect a full mediation effect. Otherwise, we call it
a partial mediation effect. In this study, we focus on the product ab for the test of mediation
effect (Hy : ab = 0) because it is the most widely used one.

For statistically testing the mediation effect, two major approaches have been used. The first
approach, which can be viewed as a “single sample” method, is based on large-sample normal
approximations. MacKinnon et al. (2002) gave a thorough review of 14 different single sample
tests and compared their performance via a simulation study. Among the tests on the product of

coefficients, the simulation results showed that the MacKinnon et al.’s z’ = ab//a?0} + b20?2

test based on the empirical distribution of ab /o, has the greatest power when both a and b
are nonzero and has the most accurate Type I error rates when both a and b are zero. Based on

the simulation results, the widely used Sobel (1982) first-order test z = ab/ ,/azc}% + b202 has
relatively low power rates and Type I error rates. The second approach is based on the bootstrap
resampling procedure (e.g., Bollen & Stine, 1990; Efron, 1979, 1987; Preacher & Hayes, 2004).
The resampling methods do not require the large sample size assumption and could be more
accurate and more powerful than the single sample method under certain conditions such as
studies with small size, skewed outcome problems, or both (e.g., MacKinnon et al., 2007;
MacKinnon, Lockwood, & Williams, 2004; Shrout & Bolger, 2002; Zhang & Wang, 2008).

THE TOBIT MEDIATION MODEL AND PARAMETER ESTIMATION

Suppose all three variables in the simple mediation model are possible to be interval censored
with intervals ranging from Ly to Ry, Ly to Ry, and Ly to Ry for variables X, M, and Y,
respectively. Let x*, m*, and y* be the latent true scores and x, m, and y be the observed scores.
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Then, we have,
L, if x* <L,
x=1{x* if L, <x® <R,,

R, if x* >R,

L, if m* <L,
if L,, <m*<R,,

R, if m* >R,

and
L, if y*<L,
y=3y" if L, <y* <R,
R, if y* >R,
For any of the three variables, when L = —oo and R = +o00, the variable is not censored
and thus we can observe its true scores. When L = —oo and R # 400, the variable is right

censored and some true scores cannot be observed but are recorded as R. When L # —oo and
R = +00, the variable is left censored and some scores are recorded as L.

Let b = (x, [ar, Iby) and
0% Oxm Oxy

2
Y= | oux Oy Omy

2
Oyx Oym Oy

denote the population mean vector and covariance matrix of the three variables. Let Z =
(X,M,Y) and

2
Sy  SxM  Sxy

- 2
S=1| sux sy Smy

Syx  Sym %

denote the observed mean vector and the observed covariance matrix. Because of censoring, we
can only observe the true scores when they are within the censoring intervals. Thus, the observed
mean vector (Z ) and covariance matrix (S) are different from the population mean vector (j1)
and covariance matrix (X) not only because of random sampling errors but also because
of censoring errors. Therefore, the regular mediation analysis can lead to biased estimates
(a = SXM/Sg( and b = (sMysg( — SXMSXy)/(Sg(S%l — s%M)) and incorrect test results of
mediation effects.

To deal with censoring problems in mediation analysis, we propose to use the Tobit mediation
model. Instead of modeling the observed variables X, Y, and M directly, we model the latent
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variables X*, Y*, and M* using the following model

Y*=ii+c'X*+bM* + ey~
. . . 2
M™ =i +aX" + ey~

where the scores for X*, M*, and Y* are x*, m*, and y*. Because x*, m*, and y* are not
available if they are censored, the estimation methods for the regular mediation model are not
applicable. However, the maximum likelihood (MLE) Tobit and Bayesian Tobit approaches can
be applied to estimate the model. In this study, we focus on the Bayesian approach because it
has advantages over the MLE method in estimating and testing the Tobit mediation model.

The MLE Tobit approach is a multiple-stage method. In the first step, the means and
variances of each latent variable (X*,Y™, and M™) and the covariances of three pairs of
latent variables (X™*,Y™; X* M*; M*, Y*) are estimated. The model parameters utilizing the
estimated mean vector and covariance matrix are then estimated in the second step. In the
third step, with estimates and standard errors for both a and b, we can apply the single sample
method such as z’ and z or the bootstrap resampling methods to conduct statistical inference
on the mediation effect ab. However, the Bayesian Tobit approach can deal with censored
data, estimating model parameters a and b, and estimating the mediation effect ab in a single
step. In addition, using the Bayesian approach, the empirical distribution of ab can be obtained
directly. Overall, the Bayesian method can deal with censored data and test the mediation effect
based on the product parameter that might have a nonnormal distribution simultaneously and
seamlessly.

To apply the Bayesian approach, we first need to specify the prior distributions for the
model parameters. In this study, we use the normal priors for the regression coefficients and
the inverse gamma priors for the variance parameters (see Appendix A). Based on these prior
specifications, the conditional posterior distributions are obtained and provided in Appendix A.
Using the conditional posterior distributions, the Gibbs sampling procedure (Chib, 1992) can
be applied to generate a Markov chain for each parameter and the mediation effect in the Tobit
mediation model.

Let x,,m, y, denote the observed uncensored data and x.,m.,y. denote the observed
censored data. Furthermore, let x, mY, y* denote the true scores that are not available in the
observed data set but can be sampled from the conditional posterior distributions of latent
variables X*, M*, Y *. Therefore, estimates of x*, m*, y* can be obtained by augmentating
the observed uncensored data (x,,m, y,) and the underlying true scores (x),mY, yr) for
the observed censored data. The Bayesian estimation for the Tobit mediation model can be
implemented with the following steps:

1. Obtain the ordinary least squares estimates for the parameters including uy, 0)2(, i1, b,
ir,a, GfY, and GfM from the observed data (x,,m, y,). These estimates are then used as
the initial values for the Gibbs sampling algorithm. Provide initial values to x*,m}, y*
so that we have initial values for x*, m*, y*.

2. Sample the true scores for the observed censored data.

a. Sample xc’f‘|ux,0§,a,b,c’, i1, iz,ch,cezY, y*,m*. Generate x}, from the truncated
normal distribution TN X (g, o) if the observed datum is censored and X, 1s equal
to Ry or TNX(—oo,1y) if the observed datum is censored and x.; is equal to Ly.
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b. Sample m¥|a, b, c’, iy, iz,ch,cfy, ¥*,x*. Generate m, from the truncated normal
distribution TN Mg, +oc) if the observed datum is censored and mc; is equal to Ry
or TNM (.1, if the observed datum is censored and m, ; is equal to L.
c. Sample yX|iy, ¢, b, GfY, x*,m*. Generate y; from the truncated normal distribution
T'NY(ry +oo) if the observed datum is censored and Yeiisequal to Ry or TNY(—oo,1y)
if the observed datum is censored and y.; is equal to Ly.
3. Sample the model parameters:

Sample py from the conditional posterior distribution py |0)2(, x*.
Sample 0)2( from the conditional posterior distribution 0)2( [wx, x*.
Sample a from the conditional posterior distribution a|x*, m*, iy, GfM.
Sample b from the conditional posterior distribution b|x*, m*, y*, iy, ¢/, GfY.
Sample ¢’ from the conditional posterior distribution ¢’|x*, m*, y*, i}, b, GfY.
Sample i; from the conditional posterior distribution i;|x*, m*, y*, ¢/, b, GfY.
Sample i, from the conditional posterior distribution i>|x*, m*, a, oZ,,.
Sample G?M from the conditional posterior distribution G?M |x*, m*, a,i,.
Sample ny from the conditional posterior distribution ny [x*, m*, y*, ¢, b,i.

j. Calculate the mediation effect ab.

4. Repeat Steps 2 and 3 until convergence and desired precision of the parameter estimates
are met.

R = e

Step 2 is implemented for data imputation. Step 3 is included for sampling the unknown
parameters from the conditional posterior distributions with augmented data. When there are
no censored data, Step 2 can be skipped. In this case, we call the analysis the Bayesian regular
mediation analysis. After a sufficient number of iterations, the burn-in period, the resulting
samples from the after burn-in iterations can be viewed from the joint distributions of the
model parameters (Geman & Geman, 1984). To check the convergence of the Gibbs sampling,
we use both the graphical method by checking the overall pattern of the trace plot of Markov
chains and the Geweke statistic (Geweke, 1992). If the trace plot appears stationary and the
Geweke statistic is between —1.96 and 1.96, convergence is achieved.

With the converged samples from the conditional posterior distributions, we can directly
obtain the empirical distribution of the product ab and then conduct statistical inference for
the mediation effect based on the empirical distribution. For example, the point estimate can be
obtained using the mean or the median and the standard error can be obtained using the standard
deviation of the converged samples. The 95% confidence interval can be obtained based on the
empirical 2.5% and 97.5% percentiles. Because the distribution of the product parameter might
not be symmetric, the confidence interval constructed in this way might not be symmetric.

INFLUENCES OF CENSORING ON MEDIATION ANALYSIS

Intuitively, censoring might influence mediation analysis. In this section, we investigate possible
influences of censoring on mediation analysis more concretely via a simulation study. In the
simulation, the noncensored raw data were first generated with a median effect size (¢ = 0.39,
b = 0.39) and a sample size of 200. Then the censored data were generated under different
situations. Specifically, two types of censoring (interval censoring and left censoring) and
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three conditions of censored variables (the input variable is censored, the mediation variable is
censored, and the outcome variable is censored) were considered. Furthermore, four different
proportions of censored data (0%, 25%, 50%, and 75%) were also considered in generating
the censored data. The number of replications is 1,000.

The simulated data were analyzed by the described Bayesian procedures in the preceding
section without Step 2 (Bayesian regular mediation analysis) by assuming the censored data
were the true data to investigate the influences of censoring on estimating and testing mediation
effects. For the prior distributions of the model parameters, uninformative priors were used.
For example, for all the regression coefficients, a normal distribution prior with mean 0 and
variance 1.0E 4-6 was used. For the variance or residual variance parameters, an inverse gamma
distribution with a shape parameter of 0.001 and a scale parameter of 0.001 was used. A total of
10,000 burn-in iterations and 20,000 after burn-in iterations were used to generate the Markov
chains for the model parameters. The Gibbs sampling is implemented in WinBUGS and the
WinBUGS codes are contained in Appendix B. The simulations were conducted by using the
SAS Macros developed by Zhang, McArdle, Wang, and Hamagami (2008).

By checking the Geweke statistic of each replication across different situations, we found
that at least 99% of the 1,000 replications obtained convergent results. Results from those
convergent replications are summarized in Table 1. In Table 1, we present five statistics on the
mediation effect ab. First, point estimates of mediation effects were calculated by averaging the

point estimates from different replications. Second, a measure of the bias in the mediation effect

3 ab/R—.39%.39

estimate, the relative bias of estimate (RBE = 59539

), was calculated from dividing

TABLE 1
Influences of Censored Data on Estimating and Testing Mediation Effects (n = 200)
0% M, M,L X1 XL )44 YL

Proportion: 25%

Estimate 0.152 0.140 0.134 0.188 0.182 0.114 0.114

RBE 0.2% —8.2% —11.6% 23.8% 19.8% —24.8% —24.9%

SEI 0.041 0.038 0.038 0.050 0.049 0.031 0.031

SE2 0.040 0.036 0.036 0.050 0.048 0.029 0.030

CP 0.954 0.945 0.928 0.905 0.923 0.780 0.767
Proportion: 50%

Estimate 0.152 0.124 0.107 0.256 0.224 0.076 0.076

RBE 0.2% —18.6% —29.4% 68.3% 47.4% —50.3% —50.0%

SEI 0.041 0.037 0.035 0.072 0.066 0.021 0.022

SE2 0.040 0.034 0.033 0.070 0.062 0.020 0.022

CP 0.954 0.894 0.744 0.673 0.835 0.105 0.174
Proportion: 75%

Estimate 0.152 0.109 0.070 0.449 0.300 0.038 0.038

RBE 0.2% —28.7% —54.2% 195.0% 97.6% —74.9% —74.9%

SEI 0.041 0.034 0.028 0.128 0.099 0.011 0.013

SE2 0.040 0.031 0.027 0.126 0.098 0.010 0.014

CpP 0.954 0.757 0.289 0.223 0.676 0.000 0.000

Note. M = censored on the mediator variable; X = censored on the input variable; Y = censored on the output
variable; I = interval censored; L = left censored; CP = coverage probability; RBE = relative bias of estimate; SE/ =
mean of the standard error estimates of all the replications; SE2 = standard deviation of the parameter estimates of
all the replications. The 0% column contains the results from the data with 0% censoring.
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the difference between the mean of the parameter estimates from different replications and
the true value by the true value. Third, precision of mediation effect estimates was evaluated
by both the mean of the standard error estimates from different replications (SE1) and the
standard deviation of the parameter estimates (SE2). The standard deviation of the parameter
estimates (SE2) from the condition without any censored data can be viewed as the “true”
standard error. Finally, the coverage probabilities based on 95% confidence levels were also
obtained.

From Table 1, when there were no censored data (0% censoring), the Bayesian Tobit
mediation approach can accurately estimate the mediation effect. The RBE value is 0.2% and
the coverage probability is 95.4%. By comparing the average standard error estimate (SE1 =
0.041) and the standard deviation of parameter estimates (SE2 = 0.040), one can see that the
standard errors were also accurately estimated. However, when there are censored data on any
one of the three variables, the mediation effects were either underestimated or overestimated,
with the RBE values ranging from —74.9% to 4+195% under different situations. For example,
when the output variable was left censored with 50% censored data, the mediation effect was
underestimated and the RBE value was —50%. When the input variable was left censored
with 50% censored data, the mediation effect was overestimated and the RBE value was
47.4%. In terms of the coverage probability, the coverage probabilities based on the 95%
confidence intervals were all smaller than 95% and ranged from 0% to 94.5%. By comparing
the coverage probabilities across columns, we can find that censoring on the output variable
has more influences on recovering the true values than censoring on the input or mediator
variables. In addition, with larger proportions of censored data, the biases (RBE) were larger
and the coverage probabilities were lower. For example, when the output variable was censored
with 50% censored data, the coverage probability was lower than 20%. When the censoring
proportion increased to 75%, the coverage probability was 0%. For the standard error estimates,
the estimates were underestimated or overestimated with censored data and the relative biases
ranged from —72.5% to 220%.

PERFORMANCE OF THE BAYESIAN TOBIT MEDIATION APPROACH

To examine the performance of the Bayesian Tobit mediation approach on testing and estimating
mediation effects with censored data, the simulated censored data were analyzed by the
Bayesian procedure with all the steps from 1 to 4 described earlier. The results from the
simulation with a sample size of 200 are provided in Table 2. From Table 2, one can see
that the proposed method can estimate the true mediation effects accurately even when the
proportion of censored data was as large as 75%. For the situations with censoring on either
the mediator variable or the input variable, the maximum RBE value was less than 1.5%. When
the output variable was censored, the maximum RBE value was less than 8.6% with 75% of
censored data. Furthermore, the coverage probabilities were all close to 95% and ranged from
94.9% to 96.4% regardless of different censoring types and different censoring proportions.
However, with a higher proportion of censored data, the lengths of the confidence intervals
were greater than the true length (0.158). For instance, the lengths were 0.175 or 0.212 when
the output variable was left censored with 50% or 75% of censored data. For the standard
errors, with 25% or 50% of censored data, the standard error estimates were slightly larger
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TABLE 2
Results from the Bayesian Tobit Approach on Estimating and Testing Mediation Effects
with Censored Data (n = 200)

0% M1 ML X1 XL YI YL
Proportion: 25%
Estimate 0.152 0.153 0.153 0.153 0.153 0.154 0.154
RBE 0.2% 0.5% 0.4% 0.3% 0.3% 1.4% 0.9%
SEI 0.041 0.041 0.042 0.041 0.041 0.042 0.042
SE2 0.040 0.041 0.040 0.041 0.040 0.041 0.041
Lower percentile 0.081 0.079 0.078 0.080 0.079 0.080 0.080
Upper percentile 0.239 0.241 0.242 0.240 0.241 0.243 0.243
Cp 0.954 0.958 0.959 0.952 0.954 0.950 0.952
Proportion: 50%
Estimate 0.152 0.153 0.153 0.152 0.152 0.157 0.155
RBE 0.2% 0.6% 0.4% 0.1% 0.2% 3.1% 2.1%
SEI 0.041 0.044 0.045 0.043 0.044 0.045 0.045
SE2 0.040 0.042 0.043 0.042 0.042 0.044 0.044
Lower percentile 0.081 0.075 0.072 0.077 0.075 0.079 0.077
Upper percentile 0.239 0.246 0.250 0.244 0.246 0.253 0.252
Cp 0.954 0.957 0.962 0.953 0.950 0.952 0.956
Proportion: 75%
Estimate 0.152 0.154 0.154 0.154 0.154 0.165 0.161
RBE 0.2% 1.4% 1.0% 1.1% 0.9% 8.6% 6.1%
SEI 0.041 0.047 0.054 0.047 0.050 0.052 0.054
SE2 0.040 0.045 0.053 0.046 0.049 0.052 0.053
Lower percentile 0.081 0.071 0.058 0.073 0.066 0.077 0.069
Upper percentile 0.239 0.255 0.270 0.257 0.263 0.282 0.281
Cp 0.954 0.964 0.949 0.955 0.949 0.953 0.954

Note. M = censored on the mediator variable; X = censored on the input variable; Y = censored on the output
variable; I = interval censored; L = left censored; CP = coverage probability; RBE = relative bias of estimate; SE/ =
mean of the standard error estimates of all the replications; SE2 = standard deviation of the parameter estimates of
all the replications. The 0% column contains the results from the data with 0% censoring.

than the true values. With 75% of censored data, the standard error estimates were about 18%
to 35% larger than the true values. The estimated power was all 1 when the sample size was
200. From the preceding results, we can find that (a) the Tobit mediation analysis can provide
more accurate and efficient estimates than the regular mediation analysis for censored data,
and (b) compared to the complete data situation (0% of censored data), the mediation effect
estimates are less efficient with censored data.

To further examine when the proposed approach might fail to recover true mediation effects,
simulations were conducted with smaller sample sizes of 50 and 100 and the results are
summarized in Tables 3 and 4. As one can see in Table 3, when the sample size was 100 and
the proportion of censoring was 25% or 50%, the true mediation effects can be estimated well
with the maximum RBE value of 6.8% from the situation of 50% interval censoring on the
output variable. However, with 75% of censored data on the output variable, the RBE values
became 19.3% and 14.4% for the situations of interval censoring and left censoring on the
output variable. Furthermore, with 50% or 75% of censored data, the estimated power was
smaller than the power without censoring and the estimated standard errors were larger than
the true standard errors.



18:50 7 January 2011

[ zhang, Zhiyong] At:

Downl oaded By:

BAYESIAN TOBIT MEDIATION ANALYSIS 27

TABLE 3
Results from the Bayesian Tobit Approach on Estimating and Testing Mediation Effects
with Censored Data (n = 100)

0% M1 ML X1 XL YI YL
Proportion: 25%
Estimate 0.152 0.154 0.153 0.153 0.153 0.156 0.155
RBE 0.0% 1.0% 0.9% 0.5% 0.3% 2.7% 1.9%
SEI 0.059 0.061 0.061 0.060 0.060 0.062 0.062
SE2 0.056 0.059 0.059 0.058 0.058 0.059 0.059
Lower percentile 0.050 0.049 0.048 0.050 0.049 0.051 0.050
Upper percentile 0.280 0.286 0.287 0.284 0.285 0.292 0.290
Cp 0.957 0.955 0.952 0.952 0.949 0.954 0.961
Power 0.935 0.923 0911 0.926 0.922 0.927 0.922
Proportion: 50%
Estimate 0.152 0.155 0.153 0.152 0.153 0.162 0.159
RBE 0.0% 1.8% 0.8% 0.2% 0.4% 6.8% 4.7%
SEI 0.059 0.064 0.067 0.063 0.064 0.068 0.068
SE2 0.056 0.063 0.063 0.060 0.061 0.066 0.065
Lower percentile 0.050 0.044 0.039 0.046 0.043 0.049 0.046
Upper percentile 0.280 0.295 0.299 0.291 0.294 0.314 0.310
Cp 0.957 0.949 0.959 0.955 0.958 0.955 0.955
Power 0.935 0.896 0.848 0.905 0.885 0913 0.890
Proportion: 75%
Estimate 0.152 0.157 0.155 0.155 0.155 0.181 0.174
RBE 0.0% 32% 1.7% 1.7% 2.0% 19.3% 14.4%
SEI 0.059 0.070 0.081 0.070 0.075 0.087 0.088
SE2 0.056 0.067 0.079 0.067 0.072 0.086 0.084
Lower percentile 0.050 0.037 0.016 0.041 0.029 0.047 0.034
Upper percentile 0.280 0.310 0.332 0.312 0.324 0.383 0.376
Cp 0.957 0.961 0.954 0.953 0.950 0.961 0.960
Power 0.935 0.822 0.640 0.871 0.767 0.866 0.762

Note. M = censored on the mediator variable; X = censored on the input variable; Y = censored on the output
variable; I = interval censored; L = left censored; CP = coverage probability; RBE = relative bias of estimate; SE/ =
mean of the standard error estimates of all the replications; SE2 = standard deviation of the parameter estimates of
all the replications. The 0% column contains the results from the data with 0% censoring.

With an even smaller sample size of 50, the mediation effects cannot be estimated well with
50% or more censored data on the output variable. The maximum RBE could be over 65%
when the proportion of censored data was 75% on the output variable. From Tables 2 to 4, we
can also find that the parameter estimates were relatively more accurate when the censoring was
on the input variable or on the mediator variable than the output variable. Even with 75% of
censored data on the input or mediator variable and a sample size of 50, the maximum RBE was
only about 5.5%. In addition, regardless of the sample size and the proportion of censoring, the
coverage probabilities were close to 95% for all the tested situations although the confidence in-
terval lengths were much larger than the true confidence interval length with 75% censored data.

AN EMPIRICAL EXAMPLE

To illustrate the applications of the Bayesian Tobit mediation approach on estimating and testing
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TABLE 4
Results from the Bayesian Tobit Approach on Estimating and Testing Mediation Effects
with Censored Data (n = 50)

0% M1 ML X1 XL YI YL
Proportion: 25%
Estimate 0.152 0.153 0.154 0.152 0.153 0.160 0.159
RBE 0.1% 0.6% 1.2% 0.0% 0.5% 52% 4.3%
SEI 0.089 0.091 0.092 0.090 0.091 0.095 0.095
SE2 0.083 0.087 0.088 0.084 0.085 0.089 0.089
Lower percentile 0.004 0.000 —0.001 0.001 0.001 0.002 0.002
Upper percentile 0.348 0.356 0.360 0.354 0.357 0.375 0.372
Cp 0.955 0.958 0.956 0.955 0.954 0.961 0.955
Power 0.523 0.496 0.482 0.508 0.504 0.509 0.500
Proportion: 50%
Estimate 0.152 0.155 0.155 0.152 0.153 0.174 0.169
RBE 0.1% 2.2% 2.2% 0.2% 0.8% 14.4% 11.3%
SEI 0.089 0.097 0.101 0.094 0.098 0.111 0.109
SE2 0.083 0.094 0.097 0.088 0.091 0.104 0.105
Lower percentile 0.004 —0.008 —0.016 —0.003 —0.009 —0.003 —0.008
Upper percentile 0.348 0.372 0.381 0.366 0.374 0.431 0.420
Cp 0.955 0.955 0.956 0.949 0.955 0.966 0.954
Power 0.523 0.438 0.379 0.472 0.433 0.465 0.436
Proportion: 75%
Estimate 0.152 0.161 0.158 0.157 0.157 0.252 0.223
RBE 0.1% 5.5% 3.9% 32% 2.9% 65.4% 46.5%
SEI 0.089 0.107 0.126 0.107 0.119 0.204 0.189
SE2 0.083 0.104 0.123 0.101 0.110 0.270 0.204
Lower percentile 0.004 —0.021 —0.061 —0.013 —0.039 —0.019 —0.049
Upper percentile 0.348 0.399 0.437 0.405 0.429 0.758 0.681
Cp 0.955 0.957 0.950 0.946 0.961 0.956 0.952
Power 0.523 0.357 0.225 0413 0.290 0.439 0.343

Note. M = censored on the mediator variable; X = censored on the input variable; Y = censored on the output
variable; I = interval censored; L = left censored; CP = coverage probability; RBE = relative bias of estimate; SE/ =
mean of the standard error estimates of all the replications; SE2 = standard deviation of the parameter estimates of
all the replications. The 0% column contains the results from the data with 0% censoring.

mediation effects with censored data, the model is applied to test whether verbal memory ability
mediates the relationship between age and everyday functioning. The data used in this study
are a subset of data from the Advanced Cognitive Training for Independent and Vital Elderly
(ACTIVE) study (Willis et al., 2006). The ACTIVE study is a randomized controlled trial
to examine the long-term outcomes of cognitive interventions on daily functioning of older
individuals living independently. The multiple domain assessments were conducted across six
waves on four groups including three treatment groups and a control group. In this study,
only the data from the control group (N = 698) measured at the baseline occasion were used
because of the demonstration purpose.

The participants’ age ranged from 64 to 95 (M = 74.04, SD = 6.05). The verbal memory
construct involved three measures of verbal memory ability: Hopkins Verbal Learning Test
(Brandt, 1991), RAVLT (Rey, 1964), and Rivermead Behavioral Paragraph Recall Test (Wilson,
Cockburn, & Baddeley, 1985). The verbal memory ability scores (M = 30.59, SD = 6.22)
were generated from the averages of the three memory ability measures with equal weights for



18:50 7 January 2011

[ zhang, Zhiyong] At:

Downl oaded By:

BAYESIAN TOBIT MEDIATION ANALYSIS 29

data reduction (Willis et al., 2006). The everyday functioning was measured by participant’s
self-rating of difficulty in completing cognitively demanding tasks involved in meal preparation,
housework, finances, health maintenance, telephone use, and shopping (instrumental activities
of daily living [TADL] difficulty). The values range from O to 20. In this sample, 54.58% of
the participants (M = 1.31, SD = 2.40) reported 0, indicating that they did not have any
difficulty in daily functioning. Compared to the participants who reported nonzero on IADL,
we can consider that the participants who reported zero on IADL have negative difficulty in
everyday life activity, or they can do more everyday life activities than the included activities
in the scale. Therefore, the output variable, daily functioning measured by IADL difficulty, was
substantially left censored and had floor effects (the proportion of censoring is 54.58%). No
censoring was observed on the input (age) or the mediation (verbal memory ability) variables.

For the purpose of demonstration, both the Bayesian regular mediation analysis and the
Bayesian Tobit mediation analysis were conducted with the empirical data. The results are
provided in Table 5. To check convergence of the parameter estimates, the Geweke statistic
value for each parameter was calculated utilizing the CODA function in R (Plummer, Best,
Cowles, & Vines, 2006). The Geweke statistic values ranged between —1.96 and 1.96 for all
the estimated parameters in the model from both approaches. Therefore, we can conclude that
the results were likely to be convergent results.

Because there were no censored data on both the input and mediator variables, the estimates
of a were identical from both models. However, the estimates of » and ¢’ were very different.
Especially, both the estimate and the standard error of ab using the Tobit approach were larger
than the corresponding values from the regular model. This is consistent with the findings
from the simulations with 50% of left censored data on the output variable in Tables 1 and 2.
The posterior distributions of the product parameter (ab) from both models are displayed in
Figure 2. From Figure 2, we can also see the differences in the results between two models.
Based on the simulation results, the results from the Tobit analysis should be closer to the true
values in this empirical example.

Based on the results from the Bayesian Tobit mediation analysis, we can conclude that the
relationship between age and daily functioning among older adults is completely mediated by
the verbal memory ability because the 95% confidence interval of the mediation effect does
not include 0 and the direct effect, ¢’, is not significantly different from 0.

TABLE 5
Empirical Results from Both Bayesian Regular and Bayesian Tobit Mediation Analysis (n = 698)
Regular Analysis Tobit Analysis

Parameter Estimate SE Geweke Estimate SE Geweke
a —0.434 0.038 0.543 —0.434 0.038 —0.497
b —0.071 0.017 0.531 —0.116 0.034 0.561
ab 0.031 0.008 —0.537 0.050 0.015 —0.491
¢’ 0.021 0.017 0.771 0.051 0.033 0.754
oezy 5.497 0.296 0.559 17.710 1.571 —0.623
2 32.380 1.857 —0.491 32.320 1.844 —0.436

OeM
95% éI of ab (0.016, 0.047) (0.021, 0.082)




18:50 7 January 2011

[ zhang, Zhiyong] At:

Downl oaded By:

30  WANG AND ZHANG

o _]
Yol
- Regular
S — - Tobit
o _
(52}
2
2
[}
o o |
N
o
~
-~
o — = -
T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10

Mediation effect

FIGURE 2 Posterior distributions of the product parameter from the Bayesian regular approach and the
Bayesian Tobit approach.

DISCUSSION

This study first discussed the influences of censored data on mediation analysis. Through
simulation, we found that censoring on any type of variable (input, mediation, or output)
influenced both estimation and testing of mediation effects. Censoring on the output variable
had greater influences than censoring on the other two variables. The simulation results also
showed that both the point estimate and the standard error estimate of the mediation effect
could be underestimated or overestimated and the coverage probability was lower than the
desired level. With larger proportions of censored data, the biases were larger.

To deal with censored data in mediation analysis, the Tobit mediation model was introduced
because it can be directly applied in estimating and testing mediation effects for censored data.
The results from the Tobit mediation model showed that the point estimate of the mediation ef-
fect can be estimated very well with an adequate sample size (e.g., n = 200) even when the pro-
portion of censored data was as high as 75%. The coverage probabilities of the estimated confi-
dence intervals from all the tested simulations were close to the desired level regardless of the
sample size, the type of censored variables, and the proportion of censored data. In terms of the
standard error estimates, the results indicated that the standard error estimates with censored data
were greater than the standard error estimates with 0% censored data, especially when the cen-
soring proportion was relatively high, such as 50% or 75%. Furthermore, it is also shown that the
power of testing mediation effects with censoring was lower than the power without censoring.

The simulation results have important implications, especially on when the Tobit mediation
model can be used and when it might fail. From the results, we found that under certain
conditions, the results from the Tobit approach can be biased, inefficient, or both. For example,
when the sample size was 50 and the proportion of censored data on the output variable was
either 50% or 75% or the sample size was 100 and the proportion of censored data on the
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output variable was 75%, the mediation effect cannot be very accurately recovered. Under
these conditions, valid information from the observed data is very limited because of the small
sample size and the high censoring proportion. We can compute the valid sample size by
multiplying the total sample size by the proportion of uncensored data. Therefore, a rough
guideline on applying the Tobit approach to simple mediation analysis is that the valid sample
size should be at least 50 when the output variable is censored.

The Bayesian estimation method has been found to be a flexible method in estimating and
testing mediation effect with censored data. First, it can obtain the empirical distribution of
the mediation effect directly and thus can take into account the possible nonnormality of the
mediation effect. Second, it is shown in the simulation that the Bayesian method can estimate
model parameters and mediation effect accurately and precisely under certain conditions. Third,
it can deal with censored data in more than one variable, including the input, output, and
mediation variables relatively easily. In addition, the proposed procedure can be accordingly
revised to conduct other path analysis with censored data relatively easily. Last but not least,
the Bayesian estimation of the model can be implemented in available free software.

MacKinnon (2008) found that in some probit and logistic models, the difference ¢ — ¢’ and
product of coefficients ab approaches can lead to different results in testing mediation effects.
It will be interesting to study whether the same problem occurs for Tobit mediation models in
future studies.

In summary, censoring was found to play a nonignorable role in estimating and testing
mediation effects. The proposed Bayesian Tobit mediation approach generally worked well to
deal with the censoring problem in mediation analysis with enough valid information from
the data. The findings from this study should encourage readers to use the proposed Bayesian
Tobit mediation approach to estimate and test mediation effects with censored data.
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APPENDIX A
THE PRIOR AND CONDITIONAL POSTERIOR DISTRIBUTIONS

The prior distributions are:
wx ~ N(xo, 0x0); 0% ~ 1G(kxo/2,5x0/2)

ir ~ N(iz, 0730); @ ~ N(ao, 020); 04 ~ 1G(knro/2,5m0/2)
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Therefore, the conditional posterior distributions of the parameters in the Tobit mediation
model are:

* 2 ] 2 2 * *
‘xc,i“‘LX’GXvavbaCall’lz,ceM,Gey,y’- ,m,- ~

WX (m} —iz)a (v —ir—bm})c’
o + 2 + 2 1
NX ox Ocm Ocy
1 a? c? ’ 1 a2 o2
Z Ttz 1tttz
Ox Ocm Ocy Ox Ocm Ocy
ax; +iz + (" —i1—c'x)b |
2
* ;.. 2 2 %k OeM Ocy
mg;la,b,c' iy, i2,0,, 00,y , X[ ~ NM - = S =
-+ i i
OeM Ocy OeM Ocy

* | /2 * * . * ]k 2
yc,i|llvbvcheYaxjami NNY (ll+bm,’ +C‘xi’0€Y)

> Lxo | |
7 2
2 * ox %o
Wxloy. x™ ~ N | — 2 )
-+ 3 njoy Oxo
Ox 9Xo0

k £ y)?
oxlux. x* ~ IG (”+ xo 204 =) +on)

s
2 2
Z(m;k—iz)xl-* + ao 1
2 2
* * . 2 OcMm %40
alx>,m”, iz, 0, ~ N oo , -
in 1 le- 1
— + 702 — + 202
OcMm %a0 OcMm %a0
Y or—cxE—iomE | by |
2 2
[0} 0,
b|x* m* y* i ¢’ 02 ~N eY b0
k] k] k] k] ' YeY Zml*z L k] Zml*z L
2 2 2 2
Ocy Ohbo Ocy Ohbo
Z(yi* _bm;k _"l)xi)k 4 €0 1
7 2
I 4% * k. 2 Ocy o)
clx*,m*, y* i, boy ~ N < Q. —
DA N Lo 1
72—+ 7+ 3
Ocy %co Ocy Oco

2 * * . n—+ kMo Z(m,* —iy— a-x;k)z + Smo
oylx*m*a,i ~IG ,
eM B

n+k *_ji—x*—bm*) + s
03Y|‘x*’ y*vm*aclab’il ~ IG( YO’ Z(y’ 1 ! l) YO)

2



18:50 7 January 2011

[ zhang, Zhiyong] At:

Downl oaded By:

34  WANG AND ZHANG

APPENDIX B
WinBUGS CODES FOR REGULAR AND TOBIT MEDIATION MODELS

Regular Mediation Analysis

model{

for (i in 1: 200 ) {

m[i]~ dnorm(mum[i], Inv_sig2_em)
mum[i]<-im+a*x[1i]
y[i]l“dnorm(muy[i], Inv_sig2_ey)
muy [i]<-iy+c*x[1]+b*m[i]

}

#priors

a~dnorm(0, 1.0E-6)

b~dnorm(0, 1.0E-6)

c~dnorm(0, 1.0E-6)

im~dnorm(0, 1.0E-6)

iy~“dnorm(0, 1.0E-6)
Inv_sig2_ey~dgamma(l.0E-3, 1.0E-3)
Inv_sig2_em~dgamma(l.0E-3, 1.0E-3)
#parameter transformation
Sig2_ey<-1/Inv_sig2_ey
Sig2_em<-1/Inv_sig2_em
product<-a*xb

}

Tobit Mediation Analysis

modelq{

for (i in 1: 200 ) {

x[1]” dnorm(mux,taux)I(lowerx[i],upperx[i])
mum[i]<-im+a*x[i]

m[i]™ dnorm(mum[i],taum)I(lowerm[i],upperm[i])
muy [i]<- iy+c*x[i]+b*m[i]

y[i]™ dnorm(muy[i],tauy)I(lowery[i],uppery[i])}
#priors

a~dnorm(0, 1.0E-6)

b~dnorm(0, 1.0E-6)

c~dnorm(0, 1.0E-6)
interceptm~dnorm(0,1.0E-6)
intercepty~dnorm(0,1.0E-6)
mux~dnorm(0,1.0E-6)

taum~dgamma (0.001,0.001)

tauy~dgamma (0.001,0.001)

taux~dgamma (0.001,0.001)

#parameter transformation

varm<-1/taum

vary<-1/tauy

product<-axb

}



